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Abstract

In 1924, A. Friedmann and J. A. Schoten [1] introduced the idea of a semi-symmetric linear connection
in a differentiable manifold. Hayden [2] has introduced the idea of metric connection with torsion in a
Riemannian manifold. The properties of semi-symmetric metric connection in a Riemannian manifold have
been studied by Yano [3] and others [4], [5]. The purpose of the present paper is to study some properties of
semi-symmetric metric connection on an integrated contact metric structure manifold [6], several useful
algebraic and geometrical properties have been studied.
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1. Introduction
Let \ be a differentiable manifold of

differentiability class C” . Let there exist in \ a

vector valued C” - linear function ®, a C” - vector
field 77 and a c* -one form & such that for any
arbitrary vector fields X ,Y,Z......we have

(L) @?(x)=a?x —c&(X)n

(1-2) g(n):a_z
(13)  &(w(x))=0
(1.4) ®(77)=0

where cp(x):)Z , a is a nonzero

complex number and C is an integer.
Let us agree to say that a> gives to 4, a

differentiable structure define by algebraic equation
(1.1). We shall call (@,7,a,c, &) as an integrated

contact structure.

Remark 1.1: The manifold ,, equipped with an
integrated contact structure (@, 7,a,c,&) Will be

called an integrated contact structure manifold.
Let there exist in n  a Riemannian metric G

satisfying
(19) (X, ¥)=a?G(X,Y)—c&(X)&(Y)
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(1.6) c(x,n7)=&(X)

Then the C” -manifold (, satisfying (1.1),
(1.2), (1.3), (1.4), (1.5) and (1.6) is called an integrated
contact metric structure manifold (@, 7, a,c, G, &)-

Remark 1.2: The integrated contact metric structure
manifold (@,7,a,c,G, &) gives an almost norden

contact metric manifold [7], Lorentzian para-contact
manifold [8] or an almost Para-contact Riemannian
manifold [9] according as

(a*=—-1c=1),(a’=1c=-1) O (a2 —1,c —1)
Agreement 1.1: An integrated contact metric structure
manifold (@, 77, a,c,G, &) will be denoted by M, .
If we define
L) @>(X,Y)=G(X.,Y)=G(X,Y)

Where '@ is a tensor field of the type (0, 2)
then it is easy to see that
(18) ‘@ (x,v)="a(Y,X)

Which shows that @ is symmetric in X
and Y . Also we have
(1.9) ‘@(X,Y)=a>"®(X,Y)
Theorem 1.1: In M, we have
(1.10)
(Dx 'cp)(\?,z:)ﬂuaz(Dx '@)(\7,2
+a’(a®-1)G(Y,DsZ)=0
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Proof: In view of (1.7), we have

D (Y,2)=G(Y,Z)

Barring Z in the above equation and using (1.5), we
get

D(Y,Z)=a’G(Y,2)-c&(Y)E(Z)

Further barring Y and Z in the above equation, we
get
1) o(v.Z2)-ara(7.2)

Differentiating covariantly (1.11) along vector X and
using (1.7), we get

(1.12)

(Dx 'cp)(\?,z:)+G(Y:, D,Z)-a’G(Y,D,Z)=0

Further barring Y and Z in (1.12) and using (1.1), we
get

(1.13)

a*(D, ®)(Y.Z)+a'G(Y,DxZ)-a’G(Y,D,Z)=0
Now adding (1.12) and (1.13), we get (1.10).

2. Semi-symmetric metric connection in
M

n

Agreement 2.1: Let D be the Riemannian
connection. We consider a semi-symmetric metric

connection B in M | define by

21 B,Y =D,Y +&(Y)X —-G(X,Y)7
(2.1) is equivalent to

(22) B,Y =D,Y +H(X,Y), Where
(23) H(X.Y)=&(Y)X -G(X.Y)n

Let S be the torsion tensor of the connection B, then
we have

(24) s(X,Y)=&(Y)X —=&(X)Y
(25)S(X,Y)=H(X,Y)-H(Y,X)

Let us put

(26)'H (X,Y,Z) def G(H(X,Y),Z)
@7)'s(x,v,z) def G(S(X,Y),Z)

(28) 's(X,Y,Zz) =H(X,Y,Z)-H(Y,X,Z)
(29) 'S(X,Y,Z) =&(Y)G(X,Z)-&(X)G(Y,2)
(210) ‘H(X,Y,Z2) = &(Y)G(X,2)-&(2)G(X,Y)
Theorem 2.1: In M, we have

@I)'H(X¥,2) =a’H(X,Y,2)

Proof: Barring X two times in (2.10) and using (1.1)
and (2.10), we get (2.11).

Theorem 2.2: In M, we have

(212)'s(x,v,Z)=a® 's(X,Y,2)

IJASR|VOL 02[ISSUE 12]2016

195

Proof: Barring Z two times in (2.9) and using (1.1)
and (2.9), we get (2.12)

Theorem 2.3: In M, we have

(2.13) ‘H(X,Y,Z) - H(X,Zz,¥)=a> H(X,Y,Z)
(2'14)'S(>?,Y,Z)f'S(X,Z,\?):aZ H(X,Y,2)
Proof: Barring X and Z in the (2.10) and using
(1.3) and (1.5), we get

(2.15)

H(X,Y,Z) =a®&(Y)G(X,Z)-c&(X)E(Y)E(2)
Now interchanging Y and Z in (2.10) and then

barring X and Z and using (1.3) and (1.5), we get

(2.16)

H(X,Z,Y) =a*£(Z)G(X,Y)—c&(X)E(Y)E(2)
Now subtracting (2.16) from (2.15) and using

(2.10), we get (2.13). Further Barring X and Z in
(2.9) and using (1.3) and (1.5), we get
2.17)

S(X,Y,Z) =a’&(Y)G(X,Z)—-c&(X)E(Y)E(2Z)
Further interchanging Y and Z in (2.9) and

then barring X and Y and using (1.3) and (1.5), we
get

(2.18)

S(X,2,Y) =a*£(Z)G(X,Y)—c&(X)E(Y)E(2)
Now subtracting (2.18) from (2.17) and using (2.10),
we get (2.14).

Theorem 2.4: In M, we have

(219) (%,v,2)- H(X.¥.Z) = (a* ~1)£(Y)G(X.Z)

Proof: Barring X and Z in (2.17) and using (1.3),
we get

(220) S()?YZ:) :az(:(y)G()?,Z)

Now barring X and Z in (2.10) and using
(2.3), we get
@21)'H(X,¥.Z) = £(Y)G(X.Z)
Subtracting (2.21) from (2.20), we get (2.19)
Theorem 2.5: In M, we have
(2.22) 's(X,Y,Z) -'s(Y,X,Z)=a*'S(X.,Y,Z)
(2.23) ‘1 (X,v,Z) = H(¥,X,Z)=a? S(X,Y,2)
Proof: From (2.17), we have
(2.24) 's(X,¥,Z) =@’ £(Y)G(X,Z)—c&(X)E(Y)E(Z)
Now interchanging X and Y in (2.9) and
then barring Y and Z and using (1.3) and (1.5), we
get
(2.25) S(Y.X,Z) =a® &(X)G(Y.Z)—c&(X)E(Y)E(2)
Now subtracting (2.25) from (2.24) and using
(2.9), we get (2.22). Again in view of (2.15), we have

(2.26) 'H(X,Y,Z) =a2£(Y)G(X,Z)-c&(X)E(Y)E(2)
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Now interchanging X and Y in (2.10) and
then barring Y and Z and using (1.3) and (1.5), we
get
(2.27) (V.X,Z) =a*&(X)G(Y.Z)—c&(X)&E(Y)E(2)
Subtracting (2.27) from (2.26) and using (2.9), we get
(2.23).

Theorem 2.6: In M, we have

2.28) (5,

N

) + H(X.Y,Z)=(1+a%)£(Y)G(X.Z)
(2.29) 's(x,v,7) +'S(X.¥,Z)=(1+2%)£(Y)G(X,Z)
Proof: From (2.15), we have
(230)H(X,Y,Z) =a?&(Y)G(X,Z)-c&(X)&(Y)E(Z)
Barring X and Z in the above equation and
using (1.3), we get
(231) (X.¥.Z) =a’&(Y)G(X.2Z)
Adding (2.30) and (2.31) and using (1.1), we
get (2.28). From (2.17) we have
(2.32) 'S(X,Y,Z) =a?£(Y)G(X.2)-c&(X)E(Y)E(2Z)

Now barring X and Z in the above

equation and using (1.3), we get
(2.33)

's(X.¥.Z)=a%s(¥)G(X,2)

Adding (2.32) and (2.33) and using (1.5), we
get (2.29).
Theorem 2.7: In M, we have
(2.34) H(X.Z.Y)+'H(X,2,¥)=—a" H(X.,Y,Z)
Proof: Interchanging Y and Z in (2.10) and then
barring X , we get
(2.35) ‘1 (X,2,Y) = £(2)G(X,Y)-£(Y)G(X,2)
Further barring Z in (2.35) and using (1.3), we get
(2.36) 'H(X,Z,Y) =—&(Y)G(X,Z)
Now barring Y in (2.35) and using (1.3), we get
(2371) 'm(x,2,¥) = £(2)G(X.V)

Adding (2.36) and (2.37) and using (1.5) and

then (2.10), we get

H(X,Z,Y)+ H(X,Z,Y) =-a® H(X,Y,Z)
Barring X in the above equation, we get (2.34)
Theorem 2.8: In M, we have

(2.38) 'H (X,V,2)+ H(X,Y,Z) =a® H(X,Y,Z)
Proof: In view of (2.10), we have

(239) 'H(X,Y,Z) = &(Y)G(X,2)-&(Z)G(X,Y)
Barring X and Y in (2.39) and using (1.3), we get
(240)  H(X,¥,z) = —&£(2)6(X.Y)

Further barring X and Z in (2.39) and
using (1.3), we get

(241)  H(X,¥,Z) = £(Y)G(X.Z)
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Adding (2.40) and (2.41) and using (1.5) and

(2.10), we get (2.38)

Theorem 2.9: In M, we have

(2.42)

c[g(H(x,Y))—g(H(X,Y))} = (c-a%)é(X)&(Y)+a*(a*~1)G(X.Y)

Proof: Multiplying by & in (2.3), we get

(243) £(H (X.¥))=&(Y)£(X) =G (X.Y)& ()
Barring X and Y in (2.43) and using (1.3)

and (1.5), we get

(2.44) £(H(X.Y))==a"G(X.Y)&(n)+c&(X)E(Y)E(n)

Subtracting (2.44) from (2.43) and using (1.2), we get

(2.42)

Corollary 2.1: In M, we have

@49) n(xn¥) =2 6(x.Y)

(2.46) S(X.7¥) =2 6(X.V)
Proof: Replacing Z by 7 in (2.10) and then
interchanging Y and 77, we get
H(X.7,Y) = £(7)G(X,Y)=&(Y)G(X,7)
Now barring X and Y in the above
equation and using (1.2) and (1.3), we get (2.45).

Now replacing Z by 7 in (2.9) and then
interchanging Y and 77, we get

S(X.mY) = E(m)G(X.Y)=£(X)G ()
Further barring X and Y in the above equation and
using (1.2) and (1.3), we get (2.46).

Corollary 2.2: In M, we have
(2.47) = oy at

H(X.nY) = — F(X.Y)
(2.48) a

S(X.n.Y) = = F(X.Y)

Proof: Barring X in corollary (2.45) and using (1.1),
(1.6) and (1.3) we get, (2.47).

Also barring X in corollary (2.46) and using (1.1),
(1.6) and (1.3) we get, (2.48).

Theorem 2.10: In a C” - manifold M, with semi-

symmetric metric connection B , we have
(249) B,Y =D,Y —a’F (X,Y)7

Proof: Barring X and Y in (2.1) and using (1.3) and
(1.5), we get
BgY =DyY —a’G(X,Y)n+c&(X)E(Y)n

Further barring Y in the above equation and
using (1.3) and (1.7), we get (2.49).
Corollary 2.3: In M, we have

(250) c (Bié)(f)zc([)ig)(?)—a"e(x,\7)

@D ¢ (8.4)(7) = e(p8)(7) -a* & (X.¥)
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Proof: Multiplying by & in (2.49) and using (1.2), we

get (2.50). Now barring X in (2.50) and using (1.7),
we get (2.51).
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